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1. Introduction 



Suppose A is an abelian variety defined over a field F, I is a prime number, and 
t ^ char(F). Let F s denote a separable closure of F, let Te(A) = lim A^ (the Tate 

module), let Vi(A) — Tg(A) , and let pa.i denote the £-adic representation 

p A>i : Gal(F s /F) - Aut(T,(A)) C Aut(^(A)). 

If L is an extension of F in F s , let Gl.a denote the image of Gal(F s / L) under pa,i- 

• Let <5e(F, A) denote the algebraic envelope of the image of pa,c, i-e., the Zariski 
^) closure of Gf,a in Aut(Ve(A)) = GL 2c i(Q^), where d = dim(A). 

Let F<s> : ((A) be the smallest extension F' of F such that <5g(F' , A) is connected. 
We call this extension the ^-connectedness extension, or connectedness extension. 

• The algebraic group &e(F, A) and the field F$j(A) were introduced by Serre 



' (Qjj]) Pq ]; 17 1), who proved that if F is a global field or a finitely generated 

extension of Q, then F$^(A) is independent of I (see also ||, @, ||). In such 
cases, we will denote the field F$j(A) by F$(A). For every integer n > 3 we have 

S; F$(A)CF(A„) 

(see |Q, jjj, Proposition 3.6 of ||, and p3]| ). Larsen and Pink Q recently proved 
that for every integer n > 3, 



F*(A) = f) F(A P ). 

prime p>n 

In p3| we found conditions for the connectedness of <5e(F, A), while in p4j we used 



c3 
> 

X. 

connectedness extensions and Serre's ^-independence results to obtain ^-indepen- 
dence results for the intersection of &£ (F, A)(Qe) with the torsion subgroup of the 
center of End (A) (g) Q. 

Let F(End(A)) denote the smallest extension of F over which all the endomor- 
phisms of A are defined. Then (see Proposition 2.10 of |p3[ ), 

F(End(A)) C F $ ,,(A). 

Therefore, <8e(F, A) fails to be connected when the ground field is not a field of 
definition for the endomorphisms of A. For example, if F is a subfield of C, and A 
is an elliptic curve over F with complex multiplication by an imaginary quadratic 
field K which is not contained in F, then F ^ KF = F(End(A)) C F $/ (A). More 
generally, if A is an abelian variety of CM-type, and K is the reflex CM-field, then 
F(End(A)) D K; if # is not contained in F then F ^ F(End(A)) C F^i(A). It is 
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therefore natural to enlarge the ground field F so that it is a field of definition for 
the endomorphisms of A. 

By enlarging the ground field, we may assume that F = F(End(A)) = F$,e(A). 
We then consider the F-forms B of A such that F — F(End(B)). For such B, 
we describe the connectedness extensions F$j{B)/F (see §||, especially Theorem 
3.1 and Corollary |3.2[). Properties of Mumford-Tate groups given in §0 allow us to 



obtain explicit information about the connectedness extensions F$^(B)/F under 
additional conditions (sec Theorems 3.4 and |3.5|). Our conditions in Theorems 
3.4 and 3.5 are based on Weil's philosophy in p5[ whereby exceptional Hodge 
classes arise from certain abelian varieties that have a CM-field embedded in their 
endomorphism algebras. In §|] we use the results of §|3| to explicitly compute non- 
trivial connectedness extensions in special cases. 

Acknowledgments: The authors would like to thank the Mathematischc Institut 
der Universitat Erlangen-Niirnberg for its hospitality. 



2. Definitions, notation, and lemmas 

Let Z, Q, and C denote respectively the integers, rational numbers, and complex 
numbers. If r is an integer, then Q(r) denotes the rational Hodge structure of weight 
— 2r on Q (see §1 of [Q). If a and b are integers, let (a, 6) denote the greatest 
common divisor of a and b. If F is a field, let F s denote a separable closure of 
F and let F denote an algebraic closure of F. If A is an abelian variety over a 
field F, write End^ (A) for the set of endomorphisms of A which are defined over 
F, let End(A) = End Fs (,4), and let End {A) = End(A) <g) Z Q. Let Z A denote the 
center of End(A). If G is an algebraic group, let G° denote the identity connected 
component. 

Lemma 2.1 (Lemma 2.7 of |2^]). If A is an abelian variety over a field F, L is a 
finite extension of F in F s , and £ is a prime number, then 

®t(L, A) C ® e (F, A) and & e (L, A) = <3 e (F, Af . 

In particular, if &i(F, A) is connected, then &e(F,A) — (&i(L,A). 



Lemma 2.2. Suppose A and B are abelian varieties over a field F, L is a finite 
extension of F in F s , £ is a prime number, I ^ chai^i* 1 ), <&e(F, A) is connected, 
and A and B are isomorphic over L. Then: 

(i) ®e(F,B)° = <5t(F,A), and 

(ii) &z(L,B) is connected, i.e., F$ t i(B) C L. 

Proof. Since A and B are isomorphic over L, and <&i(F, A) is connected, we have 
<5 e (L, B) = <8 e (L, A) = <8t{F, A) = C5 £ (F, A) 

= <5e(L,A)° = <3e(L,B)° = <8z(F,B)°, 
using Lemma 2.1. The result follows. □ 



Proposition 2.3. Suppose A and B are abelian varieties over a field F, L is a 
field extension of F in F s , and f : A — > B is an isomorphism defined over L. 
Suppose that for every a € Gal(F s /F), the element f^ 1 a{f) of Aut(A) commutes 
with every element o/End^A). Then End^(A) = End F (_B). 



CONNECTEDNESS EXTENSIONS FOR ABELIAN VARIETIES 



3 



Proof. Define an isomorphism p : Endi(A) — > Endi(B) by p{(3) = //?/ 1 . For ev- 
ery P £ End L (A) and a £ Gal^V^), we have / _1 cr(/)/3 = I3f~ x a(f). Therefore, 
^(/cr- 1 ^)/ -1 ) = /Af -1 - Thus, [3 £ End F (A) if and only if //J/- 1 G End F (B). 
In other words, the restriction of <p to End^^l) induces an isomorphism onto 
End F (B). □ 

As a corollary we have the following result. See also Lemma 5.1 of p2| . 

Corollary 2.4. Suppose A is an abelian variety over a field F. If an element of 
^(Gal^F 11 /F), Aut(A)) is represented by a cocycle c with values in the center of 
End°(yl), and B is the twist of A by c, then EndF(^4) — EndF(-B). 

Proof. The cocycle c defines an isomorphism / : A — > B such that for every er £ 



G&l(F s /F), / _1 o-(/) = c(cr). We apply Proposition 2.3. □ 



Lemma 2.5. Suppose A is an abelian variety over a field F, c is a cocycle on 
Gal(F s /F) with values in Ant(A), B is the twist of A by c, and F = F(End(A)) = 
_F(End(_B)). Then c is a character with values in Z^, where Za denotes the center 
o/End(A). 

Proof. Since G&\(F S / F) acts trivially on End(A), the cocycle c is a homomorphism. 
Let / : A — > B be the isomorphism induced by c. Then c(cr) = f 1 o~(f) for 
every a £ G&l(F s /F). Since F = F(End(A)) = F(End(B)), it easily follows that 
c(er) £ Z A and c(cr) -1 E Z A . □ 

Remark 2.6. If an abelian variety B over F is the twist of an abelian variety A 
by c G H 1 (G&\(F S / F) , Ant (A)) then one may easily check that the Galois module 
B(F S ) is the twist by c of the Galois module A(F S ), and therefore the Galois module 
Ve(B) is the twist by c of the Galois module Ve(A). 

We define the Mumford-Tate group of a complex abelian variety A (see §2 of f^3| 
or §6 of |^(|). If A is a complex abelian variety, let V — Hi(A(C), Q) and consider 
the Hodge decomposition V <E> C = H-i_{A{C), C) = H' 1 ' Si? ' -1 . Define a homo- 
morphism [a : G m — > Gi(V r ) as follows. For z G C, let /i(z) be the automorphism 
of V ® C which is multiplication by z on H^ 1 ' and is the identity on H '^ 1 . 

Definition 2.7. The Mumford-Tate group MTa of ^4 is the smallest algebraic sub- 
group of GL(V), defined over Q, which after extension of scalars to C contains the 
image of /i. 

It follows from the definition that MTa is connected. 

Define a homomorphism p : G m x G m — > GL(V) as follows. For z,w £ C, let 
p(z, w) be the automorphism of V <S> C which is multiplication by z on H~ 1,0 and 
is multiplication by it) on H '^ 1 . Then MTa can also be defined as the smallest 
algebraic subgroup of GL(V), defined over Q, which after extension of scalars to C 
contains the image of p. The equivalence of the definitions follows easily from the 
fact that H~ 1,0 is the complex conjugate of i/ 0,_1 . (See §3 of |Q, where MTa is 
called the Hodge group. See also §6 of |p6[.) 

If A is an abelian variety over a subfield F of C, we fix an embedding of F in 
C. This gives an identification of Vi(A) with Hi(A, Q) ® Q^, and allows us to view 
MTa x Qf as a linear Q^-algebraic subgroup of GL(Vg(A)). Let 

MTa,# = MTa xqQ«. 
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Then MTa(Q() — MTA,e(Qe)- The Mumford-Tate conjecture for abelian varieties 
(see pH ) may be reformulated as the equality of Q^-algebraic groups, <&i{F, A) = 
MT A/ . 

Theorem 2.8 (Piatetski-Shapiro Jl2|], Dclignc Borovoi [Q). If A is an abelian 
variety over a finitely generated extension F o/Q, then (5g(F,A)° C MTa,i- 

In §|| it will be helpful to use a slightly different version of the Mumford-Tate 
group, as defined by Deligne (see p. 43 and pp. 62-63 of We will denote this 
group MT a- (See also pp. 466-467 of || for a comparison between MTa and 
MT A .) Letting V* be the dual of V, then T = V® p <g> (V*)® q ® Q(r) has a Hodge 
structure of weight q — p — 2r. If v E G m , let v act on Q(l) as i/ -1 , and we obtain 
a canonical action of G£(V) x G m on T. (Note that V* = V ® Q(l), since V is a 
polarized Hodge structure of weight — 1.) 

Definition 2.9. The group MTa is the subgroup of GL(V) x G TO consisting of 
the elements which fix all rational tensors of bidegree (0, 0) belonging to any T. 

Lemma 2.10 (Proposition 3.4 of Q). The algebraic group MTa is the smallest 
algebraic subgroup ofGL(V) x G m defined over Q which, after extension of scalars 
to C, contains the image of (/i, id) : G m — > GL(V r ) x G m . 

If i* 1 is a field and £ is a prime number different from char(i 7 '), let 

Xi : Gal(F s /F) -» Z, x c Q, x 

denote the cyclotomic character. If r is an integer, then the Gal(F s /F)-module 
Qe(r) is the Q^-vector space with Galois action defined by the character x\- 
We have Qe(r) = Q(r) ®q (see §1 of [Q). Suppose A is an abelian variety over 
F. Let = Vk(A) and let be the dual of V e . If v € G m , let ^ act on Qf(l) 
as We obtain a canonical action of GL(Vt) x G m on ^ p (y/)* 819 ® Qe(r). 
Define 

: Gal(F s /F) -» Aut(V<) x Q x = Aut(V<) x G m (Q,) 
by pa^(o-) = (pa^ct^xZV))- 

Definition 2.11. Let <&e(F, A) denote the smallest Q^-algebraic subgroup of 

GL{V t ) x G m 
whose group of Q^-points contains the image of pA,e- 

If A is a complex abelian variety, then a polarization on A (i.e., the imaginary 
part of a Riemann form) produces an element E of Hom(A 2 V r , Q(l)) which is a 
rational tensor of bidegree (0, 0). If A is an abelian variety over an arbitrary field 
F, then a polarization on A defined over F defines a Gal(F s /i 7 ')-invariant element 
Ei of Hom(A 2 Vf , Q^(l)) (since the Weil pairing is Gal(i 7 ' s /F)-equivariant). If F is a 
sub-field of C, and we fix a polarization on A defined over F, then the line generated 
by Ei in Hom(A 2 Vi, Q^(l)) is the extension of scalars to of the line generated 
by E in Hom(A 2 V, Q(l)). (See p. 237 of Jn|, especially the last sentence.) 

The following result implies that the projection map GL(V) x G m — > GL(V) 
induces an isomorphism from MTa onto MTa- Since we were not able to find a 
proof in the literature, we have included one for the benefit of the reader. 
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Proposition 2.12. If A is a complex abelian variety, then there exists a (unique) 
character 7 : MTa — > G m such that MTa is the graph ofj. 

Proof. Let pi and pi denote the projection maps from GL(V) x G m onto GL(V) 
and G m , respectively. By Lemma |2.10 , MTa is the image of MTa under p\. Fix 



a polarization on A. The polarization generates a line D in the Q-vector space 
Hom(A 2 V, Q(l)), on which MT a acts trivially. Let D(-l) = D <g> Q(-l), a line in 
Hom(A 2 V, Q). Since MT A acts trivially on D, MT A acts on D(-l) via p 2 - Let 

B = {a e GL{V) : aD(-l) C D(-l)} 

and let the character 7 : B — > Aut(D(— 1)) = G m be induced by the action of 
Gi(V) on Hom(A 2 V, Q). The action of GL{V) x G m on Hom(A 2 F,Q) factors 
through GL(U). Therefore MT4 C B, and we have a commutative diagram 

MT A 

h 



I' 



G m 

which gives the desired result. □ 

Proposition 2.13. If A is an abelian variety over a field F , i is a prime number, 
and I ^ char(_F), then there exists a (unique) character "fg : &i(F,A) — > G m such 
that 

(i) &g(F, A) is the graph of "ft, 

(ii) the restriction of 7^ to Gf.a is xj 1 , 

(hi) if F is a subfield of C, then 7^ = 7 on MTaj H 0g(F,A). 

Proof. Let m and W2 denote the projection maps from GL(Vg) x G m onto GL(Vg) 
and G m , respectively. By the definitions, &g(F, A) is the image of ®e(F,A) under 
tt±. Fix a polarization on A defined over F. The polarization generates a line Dg 
in the Q^-vector space Hom(/\ 2 Vg, Q^(l)). Let De(— 1) = Dg <£> Q^(— 1), a line in 
Hom(A 2 V|, Q^). Since the Weil pairing is Gal(F s /i ;l )-equivariant, Gal(F s / F) acts 
trivially on Dg. Therefore <Sg(F, A) acts trivially on Dg, and acts via TT2 on Di(— 1). 
Let 

Bg = {a E GL(V t ) : aD*(-l) C D<(-1)} 

and let the character 7^ : — > Aut(D^(— 1)) = G m be induced by the action 
of GL(Ve) on Hom(A 2 V£,Q f ). The action of GL(V t ) x G m on Hom(A 2 Vi, Q<?) 
factors through the action of GL(Vt). Therefore <&t(F, A) C Be, and we have a 
commutative diagram 

&t{F,A) <Si(F,A) 



G,, 



which gives (i). Since the restriction of TT2 to Gf,a is x~g X > we have (ii). Now suppose 
F is a subfield of C. Using the fixed polarization, define D, D(—l), B, and 7 as in 
the proof of Theorem 2. 12) . Then Bg = BxqQ^, and therefore MTa,i Q Bg. Since 7 
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(respectively, 7^) is induced by the action of GL(V) on Hom(A 2 V, Q) (respectively, 
GL{Vi) on Hom(A 2 Vf, Q^)), and Vt = V ®q Qi, we have (iii). □ 

Write MT a,i for the Q^-algebraic subgroup MT a XqQ< of GL(Vi) x G m . Then 
MTyt(Q^) = MTA,i(Qi)- We state a reformulation of Theorem which we will 
use in §||. 

Theorem 2.14. If A is an abelian variety over a finitely generated extension F of 
Q, then <5 e (F,A)° C MT A ,£- 

Proo f. The result follows directly from Theorem 2_i and Propositions [2.12 and 



2.13| . □ 

3. Connectedness extensions 

Theorem 3.1. Suppose A is an abelian variety over a field F, £ is a prime number 
not equal to char(i 7 '), 

c : Gal(F s /F) -> Aut F {A) C Aut(F f (A)) 

is a homomorphism, B is the twist of A by the cocycle determined by c, and 

F = F(Er±d(A)) = F^i(A). 

Then: 

(i) c induces an isomorphism 

Gal(F*,t(B)/F) Si Im(c)/(Im(c) n t (F, A)(Q e )), 

(ii) Q5i(F,B) is connected if and only i/Im(c) C &i (F, _A)(Q^ ), 

(iii) if M is the abelian extension of F in F s cut out by c, then c induces an 
isomorphism 

Gal(M/F^(B)) = Im(c) n &t(F, A)(Q e ). 



Proof. By Lemma 2.2 Li, F$ t e(B) C M. The character c induces isomorphisms 

Gal(M/F) Si Im(c) 

and 

Gal(M/F # ,^(S)) = Im(c) n (5,(F, B)°(Q 4 ). 
By Lemma [E2J, we have (F, B)° = <&e(F, A), and the result follows. □ 

Corollary 3.2. Suppose A is an abelian variety over a field F, £ is a prime number 
not equal to cheLi(F), B is the twist of A by a cocycle 

c : Gal(FVF) -» Aut(A) C Aut(^(A)), 

and 

F = F(End(A)) = F 9ti (A) = F(End(B)). 

Then: 

(i) c is a character with values in Z^ (where Za denotes the center o/End(A)J, 

(ii) c induces an isomorphism 

Gal(F^(B)/F) Si Im(c)/(Im(c) n <8t(F, A)(Qt)), 

(iii) &e(F,B) is connected if and only i/Im(c) C ©^(i* 1 , A)(Qe), 
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(iv) if M is the abelian extension of F in F s cut out by c, then c induces an 
isomorphism 

Gal(M/F* 4 (B)) S Im(c) n ®e(F, A)(Q e ). 



Proof. By Lemma 2.5 and the assumption that F = F(End(£?)), we have (i). The 



result now follows from Theorem 3.1. □ 



Suppose A is an abelian variety defined over a field F of characteristic zero, k 
is a CM-field, L:k^ End^(^) is an embedding, and C is an algebraically closed 
field containing F. Let Lie(j4) be the tangent space of A at the origin, an _F-vector 
space. If a is an embedding of k into C, let 

n a = dimc{t € Lie(.A) ®f C : b{a)t = a(a)t for all a £ k}. 

Write a for the composition of a with the involution complex conjugation of k. 

Definition 3.3. If A is an abelian variety over an algebraically closed field C of 
characteristic zero, k is a CM-field, and i : k ^ End (A) is an embedding, we say 
(A, k, l) is of Weil type if n a = n s for all embeddings a of k into C. 

Although we do not use this fact, we remark that (A, k, t) is of Weil type if and 
only if i makes \Ae{A)®FC into a free /c®QC-module (see p. 525 of |l3j for the case 
where k is an imaginary quadratic field) . Using the scmisimplicity of the F-algebra 
k®dF and the C-algebra fc^qC, one may easily deduce that l makes Lie(A) ®pC 
into a free k (S>q C-module if and only if i makes Lie(A) into a free k (8>q .F-modulc. 

Suppose [A, k, l) is of Weil type, and we have an element of 

H 1 (Gal(F/F),Aut(A)) 

which is represented by a cocycle c with values in the center of End (A). Let B 
be the twist of A by c, and let <p be the isomorphism from Endi?(^4) to Endp(B) 



obtained in Corollary and Proposition 2.3. Since (A, b) and (B, ip o t) are iso- 
morphic over C, it follows that (B, k, <p o i) is of Weil type. 

Note that if (A, k, i) is of Weil type, then dim( J 4) is divisible by [k : Q]. 

Theorem 3.4. Suppose A is an abelian variety over a finitely generated extension 
F of CI, £ is a prime number, k is a CM-field, i is an embedding of k into the center 
ofEnd°(A) such that (A,k,i) is of Weil type, c : Gal(F/F) -> fc x is a character 
of finite order n, r = 2dim(A)/[fc : Q] 6 Z, M is the Z/ 'nZ- extension of F cut out 
by c, and B is the twist of A by c. Suppose F = F(F,nd(A)), to c takes values in 
Aut(j4), r is even, and n does not divide r. Then 

(i) F = F(End(B)), 

(ii) either F ^ F${A) or F ^ F$(B), 

(iii) ifF*(A) = F, then F$(B) C M and [M : F^(B)] divides (n,2r), 

(iv) if F^ {A) = F and (n, 2r) = 2, then [M : F&(B)] = 2. 



Proof. The Galois module Vg(B) is the twist of Ve(A) by c (see Remark 2.6). By 



applying Corollary 2.4 to the cocycle induced by c, we deduce (i) and we obtain an 
isomorphism tp from End^^l) onto Findp(B) such that (B, k, ipo i) is of Weil type. 
Let kt = k® Q e For U = A or B, let 

^ = Hom Q (A£ifi(L/,Q),Q(^)), W v/ = Hom Q , (A r ke Ve(U), Qtfy), 

where Hom^ means homomorphisms of E- vector spaces, if E is a field. Then Wjj 
is a one-dimensional fc-vector space and Wu,e is a free rank-one fc^-module. The 
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elements of Wu are called Weil classes for U. Since Vt(U) = H\(U, Q) ®q Q^, we 
have Wu,i = Wu ®q Q^- Consider the action of the Galois group Gal(F/F). The 
Galois module Wb,i is the twist of the Galois module Wa,i by the character c~ T . 
Since n does not divide r, this is a non-trivial twist, so the Galois modules Wb,i 
and Wa,£ cannot be simultaneously trivial. 

By pp. 52-54 of (§ (see also Lemma 2.8 of (hJ and p. 423 of ||), the elements 
of Wu are Hodge classes (since we are dealing with abelian varieties of Weil type). 
Since MTu acts trivially on the Hodge classes, MTu y i(Qe) acts trivially on Wu i — 
Wu <S>q Qf- Suppose now that &e(F, A) and <3i(F,B) are both connected. Then 
<£>e(F, A) and <5i(F,B) are both connected (by Proposition 2.13 i). It follows from 
Theorem |2~1~4| that <S/>(F, U) C MTu,e- Therefore, W B ,i and W A ,i are both trivial 
as Gal(F/F)-modules. This is a contradiction. We therefore have (ii). 

Suppose that F$(A) = F. Then $>i(F, A) is connected, so <&t{F,B) is discon- 
nected. By Lemma <8t(M, B) is connected. Therefore, F$(B) C M. By 
Corollary pT2)v, 

Gal(Af/F»(B)) = Im(c) n 4 (F, j4)(Q*). 
Let /U s (fc) denote the group of s-th roots of unity in fc x . We have 

Im(c) = /i„(fc) = Z/raZ. 

Suppose a G Im(c) n <8t(F,A)(Qi). Then a" = 1. By Theorem |2~8| and the facts 
that <Si(F,A) = <Si(F,A)° and a G End°(A), we have a G MT j4 (Q). Applying 
the character 7 of Theorem [2.12| , we have that 7(a) is an n-th root of unity in 
Q x , and therefore 7(a) is 1 or —1. By the definition of Wa,i, ol acts on Wa,1 as 
multiplication by cT r ^(a)^ T I 2 . Since a G MTa^(Q^), a acts trivially on Wa,i- 
Therefore a~ r j(a)-' r / 2 = 1, so a 2r = 1. Let t = (n,2r). Then 

Gal(M/F*(B)) - Im(c) n © £ (F, A)(Q £ ) C ^(fc) n /i 2r (fc) = /i t (fc). 

Therefore, [M : F$(-B)] divides t. Since <Sf(F, A) contains the homotheties G m 
(see 2.3 of fT§), we have -1 G <6 t (F,A)(Q e ). So -1 G lm(c)n&i(F,A)(Qi) if and 
only if — 1 G Im(c), i.e., if and only if n is even. Thus if t = 2, then 

Gal(M/F<s>{B)) = {±1}. 

□ 



Theorem 3.5. Suppose X and Y are abelian varieties over a finitely generated 
extension F of Q, £ is a prime number, Hom(A, Y) = 0, F = F(End(X)) = 
F(End(Y)), fc is a CM-field, [k : Q] = 2dim(Y), and dim(X) = Mim(Y) /or some 
odd positive integer t. Suppose ix and iy are embeddings of k into End°(A) and 
End°(Y"). respectively, and (X x Y,k,ix x ty) is 0/ J^eiZ type. Suppose c is the 
non-trivial character associated to a quadratic extension M of F , let Y c denote the 
twist of Y by c, let A = X x Y , and let B = X x Y c . Then 

(i) F = F(End(B)), 

(ii) either F(End(A)) ^ F^{A) or F(End(5)) ^ F$(B), 

(iii) ifF^{A) = F, then F 9 {B) = M. 

Proof. We have F = F(End(A)). Since Hom(X,Y) = 0, we have End°(A) = 
End°(A) End°(Y) and Aut(A) = Aut(X) x Aut(Y). Consider the cocycle c that 
sends a G Gal(F/F) to (1,c(<t)) G Aut(X) x Aut(Y) = Aut(A). All the values of c 
are of the form (1, ±1), and therefore belong to the center of End (A). The abelian 
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variety B ( = X x Y c ) is the twist of A ( = X x Y) by c. By Corollary we 
have (i), and we obtain an isomorphism <p from EnoV(j4) onto EnaV(£?) such that 
(-B, fc, <p o (i x x ty)) is of Weil type. Let kt = k® . We have 

V e (A) = e V e (Y), V t {B) = ^(X) © V e (Y c ). 

Viewing the Tate modules as free fc^-modules, we have 



A 



For U = A or B. 



= A t kl V t {X)® hl V i {Y), 
let 



Hom Q ,(A*+V £ (C/),Q,(^)). 



The Galois mo dule (F c ) is the twist of the Galois module Vi(Y) by the character 
c (see Remark 2J3), and the Galois module Wbjl is the twist of the Galois module 
Wai by c -1 = c. Since c is non-trivial, the Galois modules Wb,i and Wa,i cannot 



be simultaneously trivial. As in the proof of Theorem 3.4, it follows that <£>g.{F, A) 
and <8g(F, B) cannot both be connected. If F $ (A) = F, then <3g (F, A) is connected, 
so ®e(F, B) is disconnected. By Lemma 2.2, &i(M, B) is connected, and so F^(B) 
must be the quadratic extension M oi F. □ 



Remark 3.6. Suppose F is a subfield of C, Y is an elliptic curve over F with 
complex multiplication by an imaginary quadratic field K, and X is an absolutely 
simple 3-dimensional abelian variety over F with K embedded in its endomorphism 
algebra. Then we can always ensure (by taking complex conjugates if necessary) 
that the two embeddings of K into C occur with the same multiplicity in the ac- 
tion of K on the tangent space of the 4-dimensional abelian variety A = X x Y . 



Note that the hypotheses of Theorem 3.5 (or of Theorem 3.4) cannot be simultane- 
ously satisfied with dim(A) < 4. In Example |4.2| w e exhibit 4-dimensional abelian 
varieties satisfying the hypotheses of Theorem 



4. Examples 



Using Theorems 3.4 and 3.5, we can construct examples of abelian varieties B 
such that (&e(F,B) is disconnected, and compute the connectedness extensions. 

4.1. Example. Let k — Q(v / ~3) and let K be the CM-field which is the composi- 
tum of Q(v— 3) with the maximal totally real subfield L of Q(Ci7)- Then 

Gal(Jf/Q) = Gal(fc/Q) x Gal(i/Q) = Z/2Z x Z/8Z. 

Let * be the subset of Z/2Z xZ/8Z~ Gal(i^/Q) defined by 

* = {(0,0), (0, 1), (0,4), (0,7), (1,2), (1,3), (1,5), (1,6)}. 

Let Ok denote the ring of integers of K . Let (A, lk) be an 8-dimensional CM 
abelian variety of CM-type (K, \I>) constructed from the lattice Ok as in Theorem 
3 on p. 46 of pOl, a nd defined over a number field F (this can be done by Proposition 
26 on p. 109 of |20| ) . Then A is absolutely simple, by the choice of ^ and Proposition 
26 on p. 69 of @, and End(A) = O k (see Proposition 6 on p. 42 of @). Further, 
the reflex field of (K, \p) is K. Take the number field F to be sufficiently large so 
that Fq>(A) — F. Let l be the restriction of lk to k. By the definition of ^, if 
a e Gal(fc/Q) = Hom(fc, C) then n a = 4. Therefore (A,k,L) is of Weil type. Let 
c : Gel(F/F) — > fc x be a non-trivial cubic character associated to a cubic extension 
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M of F, and let B denote the twist of A by c. Applying Theorem 3 .4 iii with n = 3 
and r = 8, then F(End(B)) = F and = M. 

4.2. Example. Let J be the Jacobian of the genus 3 curve 

y 7 = x(i - x), 

and let E be the elliptic curve Xq(49). A model for E is given by the equation 

y + xy — x 3 — x 2 — 2x — 1. 

Let d be a non-zero square-free integer. If d ^ 1 let i?W be the twist of E by the 
non-trivial character of Q(vd), and if d = 1 let = £!. Let 

A = JxE, AW = JxEW. 

The abelian varieties A^ d ' are defined over Q. Let C7 be a primitive seventh root 
of unity and let 

# = Q(C 7 ), L d = K(Vd), and fc = Q(V=7). 

If d = 1 or —7 then K = Ld] otherwise, [Ld ■ K] = 2. The abelian variety J is 
a simple abelian variety with complex multiplication by K, and the elliptic curves 
E^ have complex multiplication by the subfield k of K. We have Gal(if/Q) = 
{cti, ct 6 } where cr^Or) = Cl- The CM-type of J is (if, {ct 15 er 2 , C3}) (see p. 34 
ofjg or §15.4.2 of j^Ol), and the reflex CM-type is {K, {ct 4 , a 5 , a 6 }) (see §8.4.1 of 



(20f). We can identify End(^ (d) ) with the direct sum of End(J) and End(£ w ). 
By Proposition 30 on p. 74 of ^0|, the smallest extension of Q over which all the 
elements of End( J) are defined is the reflex CM-field of the CM-type of J, which 
is K. Similarly, k is the smallest extension of Q over which all the elements of 
are defined. We therefore have 

K = Q(End(A< d ))). 

Next, we will prove that L d = Q$(A( d )). 

Write Oq for the ring of integers of a number field Q. If q is a prime number, 
let O q = O n ® Z q . 

Lemma 4.2.1. If K' is a finite abelian extension of K which is unramified away 
from the primes above 7, then [K 1 : K] is a power of 7. 

Proof. We have — 1 — £7 = (1 — (?)/(C7 — 1) G 0%- Let V be the prime ideal of K 
above 7. The reduction map 

0\^ {O k IVY -(Z/7Z) X 

is surjective, since —1 — Cj maps to —2, a generator of (Z/7Z) X . Moreover, the 
class number of K is one. Therefore by class field theory, there is no non-trivial 
abelian extension of K of degree prime to 7 and unramified away from the primes 
above V. □ 



Lemma 4.2.2. If p is a prime and p = 3 (mod 7), then the only field K' such that 

(i) K C K' C if(Ap), and 

(ii) K' /K is unramified away from the primes above 7, 
is K itself. 
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Proof. Since K is a field of definition for the endomorphisms of the CM abelian 
varieties J and E, the extension K(A n )/K is abelian for every integer n (see Corol- 



lary 2 on p. 502 of ||18|). Suppose p and K' satisfy the hypotheses of Lemma 4.2.2 
Let I p C G&\(K(J p )/K) be the inertia subgroup at p. We will first show 

p 6 - 1 

« #<« - ;?W 

The image of p in GaX(K(J p )/K) under the Artin map of class field theory is I p , 
and we have natural homomorphisms 

Gal(K(J p )/K) Aut OR .(J p ) = (0 K /pO K ) x = O x /(l+ P O p ). 

We therefore obtain maps 

(2) o; ^i p ^o;/{\+po p ). 

Since the first map of (g) is surjective, the order of I p is the order of the image 
of the composition. Since p = 3 (mod 7), we know that p is inert in if/Q, so 
(Ok /pOk) x (— Cp / (1 +pO p )) is a cyclic group of order p 6 — 1. Since the greatest 
common divisor of p 6 — 1 and p 3 (p 2 +p+X) is p 2 + p+ 1, equation (|l]) will be proved 
when we show that the composition of maps in (g) sends u 6 0* to ( p +P+ 1 ) 
(mod 1 + pO p ). We can view elements of Gal(K/Q) as automorphisms of O p . 
Proposition 7.40 on p. 211 of implies that the image of u is of the form a(u)/rj(u) 
(mod 1 + pO p ) where rj(u) = a4(u)a5(u)ae(u) and a(u) € K y . Write for the 
idele group of K, and for each archimedean prime A of K , define a Grossencharacter 
V>a : -S'a — * C x by ijj\(x) = (o-(x)/r](x))x. View O p x as a subgroup of if^. Since 
J has good reduction outside 7, we have %p\(O p ) = 1, by Theorem 7.42 of Jl9[ . 
For m € Op , we have 1 = ip\(v) = q;(u)a = a(u). Therefore the image of u 
in 0* /(I + pOp) is l/r](u) (mod 1 + pO p ). Since p is inert in K/Q, we have 
Gal(-K"/Q) = Gal((0#-/p)/(Z/p)) = Z? p , where D p is the decomposition group at 
p. The latter group is a cyclic group of order 6 generated by the Frobenius element, 
and we compute that 

Oi±(u) = u p , 0-5(11) = u p , and ae(u) = u p (mod 1 + pO p ) 

(since p 4 = 4 (mod 7), p 5 = 5 (mod 7), and p 3 = 6 (mod 7)). Therefore 

1/77(11) = u-p'tp'+P+i) (mod l+pO p ), 

as desired. 
We have 

Ga\(K(E p )/K) ^ Aut 0k (Ep) = (O k /pO k ) x . 
The order of (Ok/pOk) x is p 2 — 1, whic h is no t divisible by 7. Therefore \K(A p ) 



K(Jp)] is not divisible by 7. By Lemma 4.2.1, [K' : K] is a power of 7. Therefore 



if' C K(Jp). Since K'/K is unramified at p, we have I p C Gal(if ( J p )/K'). Sup- 
pose if' ^ K. Then #(7 p ) divides (p 6 - l)/7. By (0), (p 6 - l)/(p 2 + p+ 1) divides 
(p 6 — l)/7. Therefore 7 divides p 2 + p + 1, which contradicts the assumption that 
p = 3 (mod 7). Therefore, K' — K. □ 

Suppose p and q are distinct odd primes, and p = 3 (mod 7). Let K' = K(A P ) n 
K(A q ). Since A has good reduction outside 7, the extension K'/K is unramified 
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away from the primes above 7. By Lemma 4.2.2, we have K' = K. As mentioned 
in the introduction, for every integer n > 3 we have 

K 9 (A) C K(A n ). 

We therefore obtain 

K = K*(A) =Q»(A). 



It follows from Theorem 3.5 that 

L d = Q»(AW). 

Note that Shioda (see Theorem 4.4 of proved the Hodge Conjecture for A, and 
therefore also for A^ d \ Thus, the Weil classes on A^ are algebraic. It follows easily 
that Ld is the smallest extension of Q over which all the algebraic cycle classes on 
all powers of A^ are defined. 

Remark 4.2.3. If A is an abelian variety over a finitely generated extension F 
of Q, and if the (as yet unproved) Tate Conjecture is true for all powers of A 
over Fq>(A), then the field F$(A) is the smallest extension of F over which all the 
algebraic cycle classes on all powers of A are defined. 
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